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1 Non-symplectic symmetries 



It is well known that there is a close relation [1] between integrability and the existence 
of alternatives structures (see e.g. [2] for a recent paper) and also that integrable systems 
are systems endowed with a great number of symmetries. The purpose of this letter is to 
analyze, in the particular case of the n = 2 harmonic oscillator, how these additional struc- 
tures arise from the existence of dynamical symmetries of non-symplectic (non-canonical) 
type. 

Let (M, ujo, H) be a Hamiltonian system and Th the associated Hamiltonian vector field, 
defined by HTh) <^o = dH. A (infinitesimal) dynamical symmetry of this system is a vector 
field Y G X(M) such that \Y, Th] = 0. When F is a dynamical but non-symplectic symme- 
try of the system, then we have that (i) the dynamical vector field Th is bi-Hamiltonian, 
and (ii) the function Y{H) is the new Hamiltonian, and therefore it is a constant of motion. 

A sketch of the proof [3]- [6] of this statement is as follows: The vector field Y does 
not preserve Uq and, as it is a non-canonical transformation, it determines a new 2-form 
{Cy denotes de Lie derivative with respect to Y). As F is a symmetry, 
[Y, r^] = 0, then Cy o — ° C,Yi and, consequently, 

iva = ^Th^Y^O = ^YivH^o = Cy{dH) = d{Y H) . 

Therefore, the 2-form ujy is admissible for the dynamical vector field Th, i-e. CYuU}y = 0, 
which is weakly bi-Hamiltonian with respect to the original symplectic 2-form ujq and the 
new structure cuy. Of course the particular form of ujy depends on Y and, in some cases, it 
can be just a constant multiple of ujq (trivial bi-Hamiltonian system). In some other cases 
cuy may be a degenerate 2-form with a nontrivial kernel. In any case, the vector field Th 
is a dynamical system solution of the following two equations 

^(r^) uJo = dH, and i{Th) ujy = d[Y{H)] 

Therefore the function Hy ~ Y{H), that must be a constant of motion, can be considered 
as a new Hamiltonian for Th- 

2 Bi-Hamiltonian structures of the rational Harmonic 
Oscillator 

The two-dimensional harmonic oscillator 

H^lipl+pD + liXix' + Xlv') (1) 

has the two one-degree of freedom energies, Ii = and I2 = Ey, as fundamental constants 
of motion. The superintegrability of the rational case, Xi — m Xq, X2 — n Xq, with m,n 
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can be proved by making use of a complex formalism [7, 8]. Let K^, Ky, be the following 
two functions — Px + imXoX and Ky — py + in Xoy; then the Hamiltonian H and the 
canonical symplectic form ujq become 

H^l{KxK: + KyK;) , 

and 

uJo = d^x A dK* + dKy A dK; . 

2mXo 2nXo 

We have 

{Kx,K*}^2imXo, {Ky,K;}^2inXo, 

and therefore, the evolution equations are 

d d 
— Kro=imXoKx, —K* = -inXoK*. 

Hence, the complex function J defined as 

J = {K;r (2) 

is a constant of motion that determines two different real first integrals, /s = Im( J) and 
/4 = Re(J), which are polynomials in the momenta of degree m + n — 1 and m + n, 
respectively. As an example, for the Isotropic case, Ai = A2 = Aq, we obtain 

Re(J) = PxPy + Xq^ xy , 
Im( J) = Ao {xpy - ypx) . 

Im(J) is just the angular momentum, and Re(J) is the non-diagonal component of the 
Pradkin tensor [9]. For the first non-isotropic case, Ai = Aq, A2 = 2Ao, we arrive to 

Re(J) = plpy + Xo'^{Aypx-xpy)x, 
Im(J) = {xpy-ypx)Px + XQX^y. 

This complex procedure provides not just the fundamental constant Is, but the pair (/a, 74); 
although the 'partner' function 74 is not independent (is a function of 7i, 72, 73), we will 
see that it plays an important role, since it is closely concerned with the bi-Hamiltonian 
formalism. In fact, we will take the complex function J as our starting point for the search 
of symmetries, but J means not only one but two functions, 73 and 74. 

The Noether theorem in the Hamiltonian formalism states that all constants of motion 
arise from canonical symmetries of the Hamiltonian function. Moreover, in differential ge- 
ometric terms, the infinitesimal symmetries are simply those corresponding to the Hamil- 
tonian vector fields, with respect to the canonical structure a;o, defined by the constants 
of motion. In this particular case, the above complex function J given by (2) arises from 
a symmetry of (1) represented by the complex vector field Xj defined by 

i{Xj)Lo^^dJ, Xj(H)^0. (3) 

In the following, and for easy of notation, we will suppose Aq = 1. 
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Proposition 1 The complex vector field Xj, defined by (3) as the canonical infinitesimal 
symmetry associated to J , can he written as a linear combination of two dynamical hut 
non-symplectic symmetries ofFff- 

Proof: Let us denote by and Yyn the Hamiltonian vector fields of and Ky 

i{Y^rn) <^o = dK^ , i{Yyn) i^o = dKy , 
witli coordinate expressions 

OX dpx ay dpy 

Notice tfiat, as H — Ii + I2 witfi \ Kx]"^ — 2/i and \ Ky\'^ — 2/2, we fiave 

Th = Re {k; + Ky f;j . 

Tlien, tlie complex vector field Xj, canonical infinitesimal symmetry of the Harmonic 
oscillator, can be written as the following linear combination 

Xj ^nV + mY' , 

where the Y, Y', are given by 

Y = (Ki^-'^K;"^) Y,^ , Y' = (k:k<"^-'^) y;„ . 

The important point is that these two vector fields, Y and Y', are neither locally-Hamiltonian 
with respect to coq 

JCyOOq ^ , LyiOJ^ ^ , 

nor infinitesimal symmetries of the Hamiltonian 

CyH ^ , Cy'H ^ . 
Concerning the Lie bracket of Y with the dynamical vector field Vh, it is given by 

[r, r^] = (xr r^] - r^(Kr ^i^;™) 

but as 

\Xxm-, ^h] = -i , [Yy^, Th] = i Y*^ , 

and 

r^(Kr'xr) = in-l){im){K:-'K;^)+mi-in){K:-'K;^) 
= -im(XrX*"^), 

we arrive to 

[Y,Th]^0. 
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Thus y is a dynamical but non-symplectic (non-canonical) symmetry of Th- It can be 
proved, in a similar way, that this property is also true for Y'. Notice that, in the language 

of 1-forms, this property arises from the fact that dJ splits as a sum of two non-closed 
1-forms that, nevertheless, remain invariant under Th, that is, dJ = n(j)i + m02, d4>r 0) 
/:r«(0r) =0, r = 1,2. 

Two new structures can be obtained from ujq by Lie derivation with respect to Y and 
Y'. If we denote by coy and tUy these two new 2-forms, tuy = CyujQ and uiy = jCyicoo, then 
we obtain 

uy = -m dK^AdK; , Lo'y = n {K^^-^^ k;^"^-^^) dK^AdX; . 

In the following we will denote by Q the complex 2-form defined as 

Q = dK^AdK* = 01+1^2 
where the two real 2-forms, Qi = Re(Q) and 0,2 — Im(Q), take the form 

fli = mn dxAdy + dpxAdpy , fl2 — m dxAdpy + n dyAdpx ■ 

Notice that cuy and cOy satisfy the relation nuy + mtUy = 0. Actually, this can be 
considered as a consequence of the fact that Xj is locally Hamiltonian with respect to the 
canonical form luq. 

Proposition 2 The dynamical vector field Th of the rational Harmonic Oscillator is a 
bi- Hamiltonian system with respect to (uJojUJy). 

Proof: Notice that 
and as 

i{rH)n = TH{Kx)dK; - rH{K;)dK, ^imK,dK; + in k; dK, , 

we obtain that 

i{TH)ujy = -imd{K^K;"'). 

Thus, Th is Hamiltonian vector field with respect to uy with K*"^ as Hamiltonian 
function. Moreover, we can also compute the action of Y on H; a direct calculation gives 

Hy=Y{H)^-\m{K:Kl^) . 

To conclude, we have found that the integral of motion J determines the following bi- 
Hamiltonian system 

liTuji^Q — dH , i(rH)ujy — dHy . 

Remark first that Th is bi-Hamiltonian with respect to two different structures: the 
canonical symplectic form ujq and another one, wy, which is complex. If we write ujy — 
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a;4 + i a;3, then Fh can be considered as a bi-Hamiltonian system with respect to the 
following three real forms {000,003,004} (i.e. it is a three-Hamiltonian system). The coq- 
Hamilton equation determined by J, 

i{Xj) loq^ dJ , 

is also complex; thus it determines two real Hamiltonian equations 

i{X4) uq = dh , ii^s) ujQ = dl3 , 
with X4, X3, given by Xj = ^4 + 1 X^. 

As a second remark, the complex 2-form Q — dK^AdK* is well defined but it is not 
symplectic. In fact, it can be proved that fli — Re(Q) and = Im(fi) satisfy 

QiAQi = Q2AJ12 = TTT^n (dxAdyAdpxAdpy) , and QiAfi2 = , 
so we obtain 

QAQ = (fii Al^i - ^2 An2) + 2 i fii A(]2 = . 

Thus, the degenerate character of ^2 is directly related with its complex nature. Moreover, 
the kernel of Q is the distribution generated by Y^rn and Y*^, 

Kern = {fY,^ + gY;^\f,g : R'xM?^C}, 

therefore it satisfies 

[KerO, r^] C KerO. 

Finally, the 2-form uy is also degenerate. Wc obtain, Kera;y = KerQ, because of the 
relation between Q and uy- However and 004, defined as uy = 004 + iuj^^, arc symplectic 
real forms. Moreover, the form a;o + is symplectic because of {K^, K*} = 0. 

3 Recursion operators 

The bi-Hamiltonian structure (a;o) ^y) defines a complex recursion operator Ry by 

ooy{X, Y) = ooo{RyX, Y) , VX, y e X{M) , 

or, equivalently, Ry = UQ^ocuy. Since it is complex, it can be written as Ry = R4 + iRs, 
so that R4 and R3 satisfy the relations 

a;3(X, Y) = uJoiRsX, Y) , and uj4{X, Y) = cuo(i?4^, Y) . 

Thus, we have that R3 and R4 are given by R3 — cOq^oujs and R4 — uJq'^ 00)4. 

The important point is that the complex 2-form Q = dK^AdK* can be decomposed as 
= ^1 + 1^2, where both 2-forms, Qi and ^^21 are symplectic. Hence, we have, in addition 
to R3 and R4, two other recursion operators Ri and R2 associated with the bi-Hamiltonian 
structures provided by fli and Q2, respectively. 
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Proposition 3 The tensor fields R\ and R2 are invertible operators which anticommute 
and satisfy — R^. 



Proof: As fii and ^2 are symplectic forms, the operators Ri and R2 are invertible. Their 
coordinate expressions are given by 

d r d , f d , d \ 

Ri ^ ® dpx - ® dpy + mn - — ® dy - - — ® ax , (4) 
oy dx \dp,c dpy J 

{ d d \ f d d \ 

R2 = m{ —<^dx + - — <Sidpy] + n\ tt ® '^V + ^ — dp^ ] . (5) 
\dy dpx V V^^: dpy ) 

Therefore, 

= m n Id , Pi^ — mn\A. 

Moreover we have 

( d d \ ( d d 

R2R1 = n ( — <^ dpx — m^— — <^ dx] — m — (g) dpy — r?— — ® dy 
\dx dpx ) \dy dpy 

and R1R2 = — R2R1', therefore R2R1 + R1R2 = 0. 

We recall that the relation between uy and Q is Uy = 0^4 + i 0)3 = —mlKQ, with the 
complex function K given by K = K^""^^^ Ky^"^~^^ = K^ + i Kj. Thus, the above two tensor 
fields, Rs and R4, are given by 

Ri = -m {KrRi - Kii?2) , (6) 
R3 = -m {KrR2 + KiRi) , (7) 

and, making use of the preceding proposition, we arrive to 

Rl = Rl = rld, with r = m^{mnf \K.\^ , 

and 

RiRz = |K|2 i?ii?2 , RzR^ = \K\^ R2R1 , 
where the modulus of K is function of the two first integrals, Ii and I2, 

|Kp = + = (2/i)("-^) (2/2)('"-^) . 

Thus, the two tensor fields, Rs and i?4, anticommute as well. 

Proposition 4 The complex operator Ry = R4 + iR^ is such that lmage(i?y) = Keri2y. 

Proof: Let X be a generic vector field on the phase space 

d . d d ,5 
X ^ a — + b— + c- 
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with a, b, c, d, arbitrary functions. Then, since Ry — i?4+i R3 is given by Ry = — mK {Ri + 
i R2): the subspace Image of Ry is given by 




We obtain 



Ri{X)+iR2{X) 



{d-in b)Y^rn + (c + i m a)Y* 



Thus, Image is made up of hnear combinations of Y^m and Y*^ with arbitrary complex 
functions as coefficients. But, since Keri?y = Kevuy and Keruy coincides with Kerfl, 
which is also spanned by Y^^ and Y*^, we arrive to Image(i?y) — KerRy. Consequently 

Ry = RyoRy = 0. 

Given a bi-Hamiltonian system on a manifold M, i(r)ujQ = dH^ and i{T)uJi = dHi, 
the point is that the tensor field R, that was just defined by the relation between toi 
and Uq, induces a sequence of structures. Starting with the basic Hamiltonian system 
(a;o. To = F, dHo) we can construct a sequence of 2- forms u>k, of vector fields r^, and of 
1-forms Qffc, = 1, 2, . . ., defined by cuk — <^o° R^, — R^iJ^Q), and Uk — R'^{dHo). Then 
it follows that 



The 1-form a2 is not necessarily exact, but if there is H2 such that 0.2 = dH2, then 
the vector field Fi is a bi-Hamiltonian system as well. An interesting case is when a2 is 
not exact but there exist a nonvanishing function F2 and another function H2 such that 
a2 — F2 dH2. Then is an integrating factor for a2, and the vector field Fi is said to 
be quasi-bi-Hamiltonian [11] , [12] . 

Coming back to the rational harmonic oscillator as a bi-Hamiltonian system, iiJ^H) <^o — 
dHo and i(Fj/) cuy — dHy, the situation is as follows: 

(i) The action of Ry is such that Fjj=Fo becomes Fi = Ry{rH) — —imXj, 

(ii) dHo transforms into dHy — Ry^dHo) — —\dJ, and 

(iii) u>o becomes ojy such that ujy — ujQoRy. 

We have proved that Ry — because of Proposition 4; therefore, Fi transforms into 
the new field, F2 = -Ry(Fi) = R\{Vh) — 0, while dHy transforms into a2 — RyidHy) — 
Ry{dHo) — 0. Hence, it follows that the equation 



OVq) uji = i(Fi) ujo 
z(Fo) L02 = i(Fi) uji 



dH,, 

i(F2) (Jo = q;2 , 



where 



cDi = UJqoR , 

Fi = i?(Fo) , 
dHi = R*{dHo) , 



0)2 = cDiO-R , 
F2 = i?(Fi) , 
a2 = R*{dHi) , 



i{TH) UJ2 = «(Fi) ui = i{T2) uJo = ^2 
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becomes 

i(ri)a;i = 0. 

Notice that this last equation corresponds to the property i{Xj)iOY = 0. 

The Harmonic Oscillator can be considered as a complex and weakly bi-Hamiltonian 
system, or alternatively, as endowed with two different real bi-Hamiltonian structures 

iiTn) ujQ = dHo , ilFn) iOi = m dh , iiVn) UJ3 = -m dh ■ 

One real structure gives rise to defined by Fis = R^iiVn), and the other one to = 
Ra{^h)- They are such that 

i(ri4) Uq = i{TH) LV4 = m dh , ^(rig) UJQ = {{Th) UJ3 = -TO dh . 

Moreover taking into account that R^ — r Id, we arrive to 

= Ri{Tu) = Rl{rH) = rrH, 

^24 = Rlimdh) = RfidHo) =rdHo, 
0)24 — Q4oR4^ — QqoR^ — rQo , 

and similar results for R^. 

Now, making use of all these relations, we can prove the following final proposition 
concerning the properties of the vector fields Xs and X4. 



Proposition 5 Let X^ and X4 denote the two infinitesimal canonical symmetries gener- 
ating the two constants of motion I3 and I4. Then X3 and X4 are quasi-hi-Hamiltonian 
systems. Moreover, uj^^X^jTh) = <^3(-'^4, Fj^) = 0. 



Proof: The rational Harmonic Oscillator is endowed with the two constants of motion I3 
and I4 which means, via the Hamiltonian Nocthcr theorem, the existence of two symme- 
tries. They are geometrically represented by two vector fields, X3 and X4, that can be 
uniquely determined as solutions of the following two equations 

i{X^) ujQ = d/3 , ^(^4) ujQ = dh ■ 

Then we have 

Fi3 = RziVu) = -mX4 , Fi4 = R^^Th) = mXs . 
Hence, if we denote by /34 the function /34 = m{mn)'^ |Kp , we arrive to 

i{X^) ujQ = d/3 , i{X^) 0J4 = /34 dHQ , 

and 

i{X4) uo = dh , i{X4) Us = -/34 dHo . 
So, both X3 and X4 are quasi-bi-Hamiltonian systems. 
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A direct consequence of this property is that the dynamical vector field Fh is orthogonal 
to X3 with respect to the symplectic structure u^, 

i{X3)i{rH) ujQ^O, and ^(X3)^(^^^-) uj^ = . 

Similarly, we obtain 

i{X4)i{TH) u>o = , and i{X4)i{TH) cjs = . 
Finally, X3 and X4 are orthogonal vector fields with respect to both structures, cu^ and u;^: 

i{X3)i{X4) a;3 = , and i{X3)i{X4) 00^ = 0. 
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